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CoStLy is a new C++ library for the validated computation of function values and of ranges of complex standard functions.
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1 Introduction

For the validated computation of complex functionghier [1] has implemented algorithms that were presented in [2] as part
of a Pascal-XSC interval library. Although Pascal-XSC is still available [4], it is no longer being maintained and it requires
outdated compiler versions, which make it difficult to use nowadays.

CoStLy is a new C++ library of complex standard functions for the rigorous computation of function values and of function
ranges. To ensure validated results, all truncation and roundoff errors are calculated during the course of the floating-point
arithmetic computation and enclosed into the result. CoStLy is based on either one of the well-established interval arithmetic
libraries C-XSC or filib++ [4], both of which provide real and complex interval arithmetic, real standard functions, but no
complex standard functions.

CoStLy is availabe under the GNU GPL from the CoStLy website [3].

2 Single-valued functions

Complex standard functions fall into two categories: single-valued functions, such as the exponential, hyperbolic or trigono-
metric functions, and multi-valued functions, like the logarithm or root functions. CoStLy procedures for multi-valued func-
tions are treated in Section 3.

2.1 Separable functions

Some complex functions are separable, which means that their real and imaginary parts can be expressed as products of tw
real functions of one variable. Separable functions have been implemented in CoStLy via procedures from C-XSC or filib++
for real functions. For example, # = X + 1Y is a rectangular complex interval, thefi is implemented as

e =eXcosY +1eXsinY.

Direct interval evaluation of the right hand side yields an optimal rectangular enclosure of the{¢arigee Z}. Similar
well-known decompositions are available tox 7, sin Z, cosh Z, andsinh Z [2].

2.2 Tangent function
For tan Z, optimal range bounds of

sin(2x) M tan > — sinh(2x)

Ret =
anz cos(2z) + cosh(2y)’ cos(2x) + cosh(2y)

are calculated rigorously [2tot Z, tanh Z andcoth Z are calculated with

cot Z = tan(g —Z), tanhZ =1tan(1Z), cothZ =1cot(12).

2.3 Single-valued power functions

Single-valued power functions powef,n) of integer order have been implemented in the following way: #o& 2,
powerZ,2) = sqiZ) = X% — Y2 +42XY. Forn > 3, powe(Z,n) = e"'*Z (whereln Z denotes the non-analytic
logarithm described in Section 3.2). For 0, powe(Z, n) = 1/powerZ, —n) is used.
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3 Multi-valued functions

For several multi-valued complex functions, we implemented two different procedures in CoStLy. Firstly, there is a subroutine
for computing the principal value of the respective function. The principal value is usually analytic in a subset of the complex
plane and undefined otherwise. Secondly, there are procedures for computing interval supersets of all function values of the
respective function, where feasible.

3.1 Argument Function

An analytic argument function Arg with Argz € (—, ) is defined on the slit complex plarf¢” = C — (—c0,0]. If Z
intersects the negative real axes, &rts not defined. As an auxiliary function for the computation of other complex functions,
a single-valued, non-analytic argument functieg Z with arg z € [, 37”] has also been implementedyg Z is defined for

all rectangular complex intervals.

3.2 Logarithms and Roots
The CoStLy library contains the principal value of the logarithm,
LnZ =In(|Z|) +:ArgZ, ZCC,
a single-valued, non-analytic logarithm,
InZ =Wn(|Z|) +rargZ, Z cC C- {0},
the principal value of the square root,
SqrtZ, Arg(Sqrtz) =Argz/2, ze€ZCC™,
a list of all square roots,
sqrtall (Z2) = {Wy,Wa} D {w? =2 |2 € Z C C},

and similar functions for other roots of integer order, i.e. procedures(8guf) for computing an analytia-th root and
sgrtall (Z, n) for computing a list ofx intervals containing alk-th roots.

3.3 Power Functions

As for roots, several power functions are implemented in CoStLy. There is an analytic power function,
Pow(Z,P)=¢P™"2  zZcC™,

and a non-analytic power function poal (Z, P), which calculates an intervdl” = pow_all (Z, P) such that
WD {zf|z€ Z, pe P}

The implementation of powall (Z, P) has been particularly difficult. Depending ghand P, {z? | z € Z, p € P} can be a
set of isolated points, a subset of a circle (or a torus, or a disk), or an unbounded subset of the complex plane.

3.4 Inverse Trigonometric and Inverse Hyperbolic Functions

For inverse trigonometric and inverse hyperbolic functions, only the computation of principal values has been implemented
in CoStLy. For the computation of asi, acosZ, and acosl¥, Z must not intersect the real axis for< —1 orz > 1.
Likewise, atan”Z, acotZ, asinhZ, and atantZ are only defined ifZ does not intersect the imaginary axis fpr< —1 or

y > 1, and the computation of acoffirequires thatZ does not intersedt-1, 1].

Conclusion

We have presented CoStLy, a freely available C++ library for the validated computation of several complex standard functions.
Future work will concentrate on improving the computed enclosures.
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