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Abstract

The solution y(x) of an IVP for a linear ODE with analytic coefficient functions
is represented as a power series. A high–order Taylor polynomial is used for an ap-
proximate numerical solution. The Taylor remainder series is rigorously estimated
by some geometric series.

The method has been implemented and tested on a computer. Guaranteed
enclosures are achieved by taking into account all roundoff errors.
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1 Introduction

The numerical solution of an initial value problem (IVP) usually yields an approximate
solution, which is subject to discretization errors and which may also impaired by roundoff
errors, if the computation is carried out on a computer with a floating point number
system.

For rigorous integration, verified methods have been designed. Instead of approximate
values of unknown quality, verified integration methods yield safe bounds for the solution
of a given IVP. Interval computations as described in [2, 24, 38] have proved especially
useful for verified integration. Started with the pioneering work of Moore [22, 23, 24], a
rich variety of verified integration methods has been developed [3, 5, 6, 10, 14, 17, 18,
20, 21, 25, 26, 27, 28, 29, 41, 42]. Unfortunately, verified integration methods often suffer
from overestimation of the local discretization errors and of the so–called wrapping effect,
which comes with the propagation of the local errors.

Various methods have been suggested for reducing the wrapping effect [3, 21, 10, 14,
17, 20, 23, 25, 26, 39, 41]. While several of these methods are effective, they are often
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forced to use small step sizes in the integration. In this paper, we propose a new enclosure
method that uses a novel approach to bound the truncation error in the Taylor series
method. By analyzing the recurrence relation for the Taylor coefficients of the solution of
the IVP, we determine some majorizing geometric series of the Taylor remainder series.
The main advantage of our method is that it works with very large step sizes.

In [32], the method was presented for linear ODEs with polynomial coefficient func-
tions. A preliminary extension to linear ODEs with analytic coefficients functions has
been given in [33]. In this paper, an analytic transformation of the ODE that was re-
quired in [33] is removed. Also, the error bounds in this paper are sharper than those in
[33], allowing for larger step sizes and making the computation faster. Numerical tests
have shown that very large step sizes can be used in our method in practical calculations.

The paper is structured as follows: In Section 2, a new enclosure algorithm for linear
IVPs is elaborated. Various aspects of the implementation of the algorithm on a computer
are presented in Section 3. In the last section, numerical examples are given.

We assume that the reader is familiar with interval arithmetic and its implementation
on a computer [15]. Our presentation is concentrated on the analytic foundations of the
integration method rather than on customary modifications that are necessary when the
calculations are performed in interval floating point arithmetic.

2 Enclosure Method for n–th Order Linear ODEs

In full generality, the verified integration method which is proposed in this paper can
be applied to linear and to some nonlinear systems of ODEs with piecewise analytic
coefficient functions. For simplicity, we restrict the presentation to the case of a single
n-th order linear ODE. For n ≥ 2, we consider the following IVP on some interval [0, r]:

y(n) =
n−1∑
i=0

pi(x) y(i) + p−1(x), x ∈ [0, r]

y(i)(0) = yio, i = 0, 1, . . . , n− 1,
(1)

where yio ∈ R, i = 0, 1, . . . , n− 1. The functions pi(x), i = −1, 0, . . . , n− 1, are assumed
to be analytic, with power series expansions

pi(x) =
∞∑

j=0

bij xj, x ∈ [0, r]. (2)

It is well known (cf. [4], Ch. III) that the solution of (1) can be written as a power
series

y(x) :=
∞∑

k=0

ak xk, (3)

and that the series converges for all x with |x| ≤ r.
The first n coefficients a0, . . . , an−1 are determined from the initial values in (1),

namely

ak =
yk0

k!
for k = 0, . . . , n− 1. (4)
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The recurrence relation for the coefficients with index greater than n − 1 is derived by
the usual way of differentiating (3), inserting the series and its derivatives into (1), and
equating terms with equal powers of x. We obtain

ak+n =
n−1∑
i=0

k∑
j=0

(k − j + 1)i bij

(k + 1)n

ak+i−j +
b−1,k

(k + 1)n

for k = 0, 1, . . . , (5)

where (k)i denotes Pochhammer’s symbol [1, 6.1.22]

(k)0 := 1, (k)i := k · (k + 1) · · · (k + i− 1) for i, k ∈ N,

and N = {1, 2, 3, . . . } denotes the set of natural numbers.
For an approximate solution to (1), we compute finitely many, say κ, coefficients ak

from (4) and (5) and then use the truncated series

s(κ) :=
κ−1∑
k=0

ak hk (6)

for an approximation to y(h) for h ∈ (0, r). The approximation error is then the trunca-
tion error given by the infinite series

t(κ) :=
∞∑

k=κ

ak hk. (7)

Since the series (7) converges, for sufficiently large κ the remainder series t(κ) becomes
arbitrarily small.

Our goal is to derive an explicit bound for t(κ) in the form of a geometric series. For
this purpose, we determine some index κ and some real number A such that

|ak rk| ≤ A (8)

holds for all k ≥ κ. Then the following estimate holds:

Theorem 1 Let κ and A fulfill (8). Then for h = ωr, 0 ≤ ω < 1, and all k ≥ κ,

| y(h)−
k−1∑
ν=0

aν hν | ≤
∞∑

ν=k

|aν rν | ων ≤ A
∞∑

ν=k

ων =
A ωk

1− ω
.

The main result of this paper is a practical algorithm for determining suitable numbers
κ and A for a given IVP (1). As a prerequisite, we recall a summation formula from [37].

Lemma 1 For i, k,m ∈ N and m > i, let

M(i, k,m) :=
k∑

j=1

(k − j + 1)i−1

(j)m

. (9)
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Then the following identity holds:

M(i, k,m) =
(−1)i(i− 1)!

(m− i)i(k + i)m−i

+
(i− 1)!

(m− 1)!

i−1∑
ν=0

(−1)i−1−ν(i− 1− ν)!(k)ν

ν!(m− i + ν)i−ν

.

(10)

Lemma 1 contains a transformation rule between sums. It will be applied in the estima-
tion of (7), when i and m are assigned fixed values, but k may be arbitrary. In this case,
there are k summands in (9), but the number of summands in the representation (10) is
bounded independently of k.

In the following, we consider functions pi(x) that are represented by a finite number of
constants, variables, arithmetic operations, and standard functions like the exponential
function, trigonometric functions, or their inverse functions, etc. For some h, 0 < h < r,
we seek lower and upper bounds of y(h). A pair of such bounds is called an enclosure
of y(h). We assume that bounds for the Taylor coefficients of the functions pi(x) of the
following form are available: For i = −1, . . . , n − 1 there are natural numbers m−1 ≥ 0,
mi ≥ i + 2 for i = 0, . . . , i− 1, and real constants Bi ≥ 0 so that

|bij| ≤
Bi r

mi

(j −mi + 1)mi
rj

for all j ≥ mi. (11)

The computation of such bounds has been discussed in [9, 34, 35].
For k > m, we have from (5) and (11)

|ak+n rk+n| ≤
n−1∑
i=0

(
mi∑
j=0

rn−i+j (k − j + 1)i |bij|
(k + 1)n

|ak+i−j| rk+i−j

+
k∑

j=mi+1

rn−i+j (k − j + 1)i |bij|
(k + 1)n

|ak+i−j| rk+i−j

)
+

|b−1,k| rk+n

(k + 1)n

≤
n−1∑
i=0

(
k+n−1
max

ν=k−m
|aν rν |

mi∑
j=0

rn−i+j (k − j + 1)i |bij|
(k + 1)n

+
k+n−1
max
ν=0

|aν rν | Bi r
n+mi−i

(k + 1)n

k∑
j=mi+1

(k − j + 1)i

(j −mi + 1)mi

)

+
B−1 rn+m−1

(k −m−1 + 1)m−1 (k + 1)n
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=
k+n−1
max
ν=0

|aν rν |


k+n−1
max

ν=k−m
|aν rν |

k+n−1
max
ν=0

|aν rν |

n−1∑
i=0

mi∑
j=0

rn−i+j (k − j + 1)i |bij|
(k + 1)n︸ ︷︷ ︸

=:S1(k)

+
n−1∑
i=0

Bi r
n+mi−i

(k + 1)n

k+1−mi∑
j=2

(k + 1−mi − j + 1)i

(j)mi︸ ︷︷ ︸
=:S2(k)

+
B−1 rn+m−1

(k −m−1 + 1)m−1+n
k+n−1
max
ν=0

|aν rν |︸ ︷︷ ︸
=:S3(k)

 ,

that is

|ak+n rk+n| ≤ k+n−1
max
ν=0

|aν rν |


k+n−1
max

ν=k−m
|aν rν |

k+n−1
max
ν=0

|aν rν |
S1(k) + S2(k) + S3(k)

 . (12)

Due to (9) and (10),

S2(k) =
n−1∑
i=0

Bi r
n+mi−i

(k + 1)n

(
M(i + 1, k + 1−mi, mi)−

(k + 1−mi)i

mi!

)

=
n−1∑
i=0

Bi r
n+mi−i

(k + 1)n

(
(−1)i+1i!

(mi − 1− i)i+1 (k −mi + 2 + i)mi−1−i

+
i∑

ν=0

(−1)i−νi!(i− ν)!(k −mi + 1)ν

ν!(mi − 1− i + ν)i−ν+1(mi − 1)!
− (k −mi + 1)i

mi!

)
.

Now let

W(k) :=

k+n−1
max

ν=k−m
|aν rν |

k+n−1
max
ν=0

|aν rν |
S1(k) + S2(k) + S3(k). (13)

The above calculations show that W(k) can be computed from a finite number of
summands (independent of k) that each tend to zero for k →∞. Because the fraction of
the maxima in (13) is at most 1, there is some number κ for which the recess condition

W(k) ≤ 1 (14)
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holds for all k ≥ κ. Hence,

|aκ+n rκ+n| ≤ κ+n−1
max
ν=0

|aν rν | ,

and, by induction,

|ak rk| ≤ A :=
κ+n−1
max
ν=0

|aν rν | for all k ∈ N0.

In practical calculations, the determination of some suitable value κ is not obvious.
Some of the terms in the recess condition (14) are not monotonically decreasing to zero
for k → ∞. Hence, if (14) holds for some particular κ then it does not necessarily hold
for all k ≥ κ. Additional considerations including monotonicity properties are required
for specifying κ. Monotonicity properties of some particular terms of the recess condition
are stated in the following lemma. The proof is given in the appendix.

Lemma 2 For n ∈ N, µ ∈ N0, 0 ≤ ν ≤ n− 1, and k >
µ(n + 1)

n− ν
,

(k − µ)ν

(k + 1)n

is a monotonically decreasing function of k.

Since j ≤ m and i ≤ n− 1 in (14), we have

Corollary 1 For k > mn−1, all fractions of the form
(k − j + 1)i

(k + 1)n
in the recess condition

(14) are monotonically decreasing functions of k.

In general, the denominator of the fraction of the maxima in (14),

k+n−1
max

ν=k−m
|aν rν |

k+n−1
max
ν=0

|aν rν |
, (15)

is not a monotonically decreasing function of k. An example for non-monotonic behavior
is given in the appendix. We therefore modify the recess condition to obtain a monotonic
convergence criterion. As a further benefit, this modification improves the error bound
of the remainder series (7).

Theorem 2 Suppose that for some κ ≥ mn and some q ∈ [0, 1] it holds that

κ+n−1
max

ν=κ−m
|aνr

ν |
κ+n−1
max
ν=0

|aνr
ν |

≤ q (16)

and that
q S1(κ) + S2(κ) + S3(κ) ≤ q. (17)
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Then, due to (12),

|aκ+nr
κ+n| ≤ q

κ+n−1
max
ν=0

|aνr
ν | ,

and by induction,

|akr
k| ≤ q

κ+n−1
max
ν=0

|aνr
ν | for all k ≥ κ + n.

qA can then be used instead of A in Theorem 1 for the estimation of the Taylor remainder
series.

Proof: Because all summands on the left hand side of (17) tend to zero monotonically
for κ → ∞, κ ≥ mn, (16) and (17) hold for arbitrary values k ≥ κ, from which the
assertions of the theorem follow. 2

3 Implementation of the Enclosure Algorithm

We summarize the preceding results in Algorithm 1 for computing an enclosure of y(h).
Input data of the algorithm are r, h, the necessary Taylor coefficients bij of the functions
pi in the differential equation, the initial values yio, and two parameters εrel, εabs > 0
for controlling the accuracy of the computed enclosure of y(h). In real arithmetic, the
iteration is stopped after finitely many steps when the relative or the absolute error is
less than εrel or εabs, respectively.

3.1 Computation of Taylor Coefficients and Estimates

For the practical execution of Algorithm 1, Taylor coefficients of the functions pi(x) in
(2) and suitable numbers Bi in (11) are required.

Taylor coefficients are computed recursively via automatic differentiation [11, 24, 40].
The computation of the numbers Bi in (11) is performed with the ACETAF software
package [9, 12], which is freely available at the author’s website [8].

3.2 Continuing the Integration

Until now, only a single integration step has been described. In practical computations,
however, the integration domain is usually split into subintervals on which the assump-
tions on the smoothness of the IVP (1) hold. In this case, initial values must be supplied
for the second and all further integration steps. To maintain the validity of the compu-
tation, rigorous error bounds for the solution of (1) and its first n− 1 derivatives at the
grid points are used instead of approximate intermediate initial values.

Error bounds for the function value of the solution y of (1) are computed with Algo-
rithm 1. Error bounds for derivatives are obtained in a similar way, by differentiating the
power series (3) and estimating the truncation error as in the estimation of (7). From
(3), we have

y(i)(h) =
∞∑

ν=i

(ν − i + 1)i aν hν−i.
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Algorithm 1

Single Integration Step of
Enclosure Method for Linear ODEs with Analytic Coefficient Functions

1. For i = −1, . . . , n− 1:

Choose mi ∈ N0 (mn−1 > 0) and compute some Bi satisfying (11).

2. Let m :=
n−1
max
i=−1

mi.

3. For k = 0, . . . , n− 1:

Compute ak from (4).

4. For k = 0, 1, . . . :

(a) If k < mn or if (14) is not fulfilled then goto (d).

(b) Let q1 :=

k+n−1
max

ν=k−m
|aνr

ν |
k+n−1
max
ν=0

|aνr
ν |

, q2 :=
S2(k) + S3(k)

1− S1(k)

(c) If q1, q2 ∈ [0, 1]:

α) q := max{q1, q2}.

β) A :=
k+n−1
max
ν=0

|aνr
ν | .

γ) s(k + n) :=
k+n−1∑

ν=0

aν hν , T (k + n) :=
qA ωk+n

1− ω
.

δ) If |T (k + n)

s(k + n)
| ≤ εrel or |T (k + n)| ≤ εabs then goto 5.

(d) Compute ak+n from (5).

5. Terminate with y(h) ∈ s(k + n) + [−T (k + n), T (k + n)].
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If A =
∞

max
ν=0

|aνr
ν | and if κ and q are such that (16) and (17) hold, then for k ≥ κ,

|y(i)(h)−
k−1∑
ν=i

(ν − i + 1)i aν hν−i| ≤
∞∑

ν=k

(ν − i + 1)i |aν | rν r−iων−i

≤ qA

ri

∞∑
ν=k

(ν − i + 1)i ω
ν−i =

qA

ri

di

dωi

∞∑
ν=k

ων =
qA

ri

di

dωi

ωk

1− ω
.

An explicit formula for the latter derivative is presented in the following lemma, which
is proved in the appendix.

Lemma 3 For ω ∈ (0, 1), k ∈ N and 0 ≤ i ≤ k − 1,

di

dωi

ωk

1− ω
=

(−1)i(k − i)i+1ω
k

(1− ω)i+1

i∑
ν=0

(
i

ν

)
(−ω)−ν

k − ν
.

3.3 Interval Initial Values

An important aspect in the validated solution of our original IVP (1) is the treatment of
the intermediate integration steps, when initial conditions are given by intervals instead
of real numbers.

It is well known that inserting interval values into recurrence relations like (5) is
unsuitable. Due to the dependency problem in interval arithmetic, the diameters of
the computed enclosures are likely to grow with the increasing number of summands in
(6). For the linear ODE (1), we use n + 1 IVPs with real initial conditions to compute
one particular solution of the inhomogeneous ODE and a fundamental system of the
corresponding homogeneous ODE. The enclosure of the flow of the interval initial set is
then built from linear combinations of these solutions (see for example [33]).

3.4 Step Size Control

For many integration methods, the determination of a suitable step size for the integration
is difficult. In our method, the modified recess condition (17) is a good indicator for the
amount of work that is to be expected in a single integration step. To determine the
local step size rj, the modified recess condition is tested for appropriate values of κ, using
approximations (instead of validated bounds) for the numbers Bi. Such approximations
are computed with a few function evaluations of the functions pi. Then q2 in Step 4 of
Algorithm 1 is computed approximately for suitable values of k. If q2 is greater than 1,
then rj is reduced and the numbers Bi are recalculated. If q2 � 1 holds, rj is increased,
to avoid unnecessarily small steps. This process is repeated until q2 < 1 holds.

3.5 Multiple Precision Arithmetic

Using a large step size in the integration has the side-effect of delaying convergence of the
Taylor series, so that several dozens or even a few hundred addends are involved in the
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summation. In floating point arithmetic, the accuracy of the result is then threatened by
cancellation. Hence, any implementation of Algorithm 1 should be based on a multiple
precision number format, such as the staggered correction format [19].

4 Numerical Examples

Algorithm 1 has been implemented in a Pascal-XSC [13] program called livp ls (solving
l inear IVPs with large steps). The complete code of livp ls is available at the author’s
website [36].

For the calculations of the numerical examples with livp ls, besides the values of the
computed enclosures, we list the values of L (denoting L-fold precision) in the staggered
correction format and of κ in the partial sum s(κ), for which the enclosures were obtained.

The numbers Bi and the truncation error bound T (k) in Algorithm 1 depend on
the choices of mi and h = ωrj. There is no general rule for the optimal choice of
these parameters. The bounds Bi are likely to grow with increasing mi or decreasing
ω. Analogously, if ω decreases then the smallest value of k, for which 0 ≤ q2 ≤ 1
holds, will probably become larger. On the other hand, for large values k, the truncation
error bound T (k) decreases with ω. Hence, for ω near 0, it may take a very large k to
obtain q2 ∈ [0, 1], whereas for ω near 1, only for very large k will T (k) be small enough
to terminate Algorithm 1. In our numerical examples, we used mi = 10 or mi = 20,
ω ∈ [0.5, 0.8]. Each integration was carried out in a single integration step.

Example 1: y′′ = αexy + e−x − α, y(0) = 1, y′(0) = −1.

Exact Solution: y(x) = e−x.

This problem provides substantial insight into the behavior of our integration method.
For all parameter values, the integration is performed on [0,1] using a single step.

The numerical solution of this problem gets more and more difficult with increasing
α. For α ≤ 1000, double precision is sufficient for computing optimal bounds (with
respect to single precision). The number of summands kmax in the approximating Taylor
polynomial decreases with increasing m. For α ≥ 2500, optimal bounds are obtained
with triple or even quadruple precision. The bounds computed for α = 2500 show that
not kmax, but precision in computation plays the key role for the accuracy of the result
(Table 1).

These results are compared with results obtained by Lohner’s program AWA [16, 17,
18]. For the computations with AWA (Table 2), besides the enclosures, the respective
degrees of the Taylor expansions and the number of integration steps are shown. In
contrast to livp ls, AWA aborts the integration prematurely for α > 500. This is only in
part due to the single precision used in AWA. The main source of error in this example
is the wrapping effect, which in our method is eliminated by performing the integration
in a single step.
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α [y](1) Prec. m kmax

500 3.678 794 411 714 424
3E-01 2 0 209

500 3.678 794 411 714 424
3E-01 2 10 145

500 3.678 794 411 714 424
3E-01 2 20 53

1000 3.678 794 411 714 424
3E-01 2 0 148

1000 3.678 794 411 714 424
3E-01 2 10 145

1000 3.678 794 411 714 424
3E-01 2 20 74

2500 3.678 794 418
06E-01 2 0 216

2500 3.678 794 418
06E-01 2 10 180

2500 3.678 794 418
06E-01 2 20 185

2500 3.678 794 411 714 424
3E-01 3 20 117

5000 [ -99.7, 122.9 ] 2 0 259

5000 3.678 794 411 714 52
33E-01 3 0 220

5000 3.678 794 411 714 424
3E-01 4 0 220

5000 3.678 794 411 714 424
3E-01 4 20 165

Table 1: Integration of Problem 1 with livp ls.

α [y](1)/abort at Order Steps

500 3.744
623E-01 20 84

1000 x = 9.551E-001 20 110

2500 x = 6.519E-001 20 113

5000 x = 4.774E-001 20 113

5000 x = 4.650E-001 30 879

Table 2: Integration of Problem 1 with AWA.
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y′(0) [y](1) Prec. m kmax

−19.999 999 917 553 86 −2.874 565 781 786 799
809E− 08 2 10 102

−19.999 999 917 553 85 1.434 566 783 738 900
890E− 08 2 10 102

Table 3: Integration of Problem 2 with livp ls.

Example 2: BVP

y′′ = 400y + (200 + 2π2) cos(2πx) + 200

y(0) = y(1) = 0.

This boundary value problem from the book of Stoer and Bulirsch [43, Ch. 7.6] is
first solved with a shooting method to compute approximate values for y′(0). These
approximations are then tested with livp ls (Table 3). Thus optimal bounds (with respect
to single precision) for y′(0) are obtained:

y′(0) ∈ −19.999 999 917 553 85
6.

Example 3: Computation of eigenvalues of

−u′′ + cos(2x) u = λu
u(0) = u(pi) = 0.

(18)

A real number λ is called an eigenvalue of the boundary value problem (18) if there
is a nontrivial solution u(x) of (18). As is well known, the eigenvalues of (18) form a
sequence of real numbers {λν}∞ν=1 which is bounded from below and tends to infinity (cf.
[7], Chap. V).

Following the well–known Sturm–Liouville theory, we compute eigenvalues of (18)
with a shooting method with shooting parameter λ, using the initial value problem

y′′ = (cos x− λ) y
y(0) = 0, y′(0) = 1.

(19)

For λ ∈ R fixed, let y(·; λ) denotes the solution of (19). If y(·; λ) has ν−1 zeros within
(0, π) then λ is a lower bound of λν an upper bound of λν−1. If additionally y(π; λ) =
0 then λ = λν . Due to the symmetry of the differential equation and the boundary
conditions, eigenvalues can also be computed by testing y(π

2
; λ) = 0 (for eigenvalues with

even indexes) or y′(π
2
; λ) = 0 (for eigenvalues with odd indexes).

Lower and upper eigenvalue bounds for specific eigenvalues are computed by solving
(19) for different values of λ and x ∈ [0, π], and by determining the number N(λ) of zeros
of the respective solutions y(·; λ) within (0, π) (see [30] for the computation of suitable
starting values λ and for the reliable determination of N(λ)). Eigenvalue bounds are
refined by bisection with respect to λ (faster algorithms were given in [30]).

In Table 4, the enclosures of y(π; λ) from (19) are listed for four different values of λ.
From these enclosures, the eigenvalues λ4 and λ11 of (18) are determined with optimal
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λ N(λ) [y(π
2
)] Prec. m kmax

16.008 310 459 709 47 3 < -3.8E-16 2 20 171

16.008 310 459 709 48 4 > 1.3E-16 2 20 173

λ N(λ) [y′(π
2
)] Prec. m kmax

121.001 041 672 579 0 10 < -1.0E-16 2 20 233

121.001 041 672 579 1 11 > 7.0E-15 2 20 221

Table 4: Integration of Problem 3 with livp ls.

accuracy (with respect to single precision):

λ4 ∈ 16.008 310 459 709 48
7,

λ11 ∈ 121.001 041 672 5791
90.

5 Conclusion

We have presented a new enclosure method for linear ODEs with analytic coefficient
functions. Our numerical examples demonstrate the successful implementation of the
method on a computer.

The estimation procedure can be extended to linear ODEs with piecewise analytic
coefficient functions (e.g. splines), provided that the breakpoints of analyticity are known.
With some modifications, it can also be applied to systems of linear ODEs, and to a class
of nonlinear ODEs (cf. [31]). These extensions will be the subject of future research.

Appendix

Proof of Lemma 2: For n ∈ N, µ ∈ N0, and 0 ≤ ν ≤ n− 1,

(k + 1− µ)ν

(k + 2)n

=
(k − µ)ν

(k + 1)n

· (k − µ + ν)(k + 1)

(k − µ)(k + 1 + n)

!
<

(k − µ)ν

(k + 1)n

⇐⇒ (k − µ + ν)(k + 1) < (k − µ)(k + 1 + n)

⇐⇒ k >
µ(n + 1)

n− ν
.

2

Proof of Lemma 3: The assertion obviously holds for i = 0. By induction, we have
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di+1

dωi+1

ωk

1− ω
=

d

dω

[
(−1)i(k − i)i+1ω

k

(1− ω)i+1

i∑
ν=0

(
i

ν

)
(−ω)−ν

k − ν

]

=
(−1)i(k − i)i+1

(
kωk−1(1− ω)i+1 + ωk(1− ω)i(i + 1)

)
(1− ω)2i+2

i∑
ν=0

(
i

ν

)
(−ω)−ν

k − ν

+
(−1)i(k − i)i+1ω

k

(1− ω)i+1

i∑
ν=0

(
i

ν

)
ν(−ω)−ν−1

k − ν

=
(−1)i(k − i)i+1ω

k−1

(1− ω)i+2

{(
k(1− ω) + ω(i + 1)

) i∑
ν=0

(
i

ν

)
(−ω)−ν

k − ν

+ ω(1− ω)
i∑

ν=0

(
i

ν

)
ν(−ω)−ν−1

k − ν

}
.

The terms within the curly brackets are equal to

i∑
ν=0

(
i

ν

)((i + 1)ω + (k − ν)(1− ω)
)
(−ω)−ν

k − ν

= ω

i∑
ν=0

(i + 1)
(

i

ν

)
(−ω)−ν

k − ν
+ (1− ω)

i∑
ν=0

(
i

ν

)
(−ω)−ν

= ω

i∑
ν=0

(i + 1− ν)
(

i + 1
ν

)
(−ω)−ν

k − ν
+ (1− ω)(1− 1

ω
)i

= ω

i∑
ν=0

(i + 1− k)
(

i + 1
ν

)
(−ω)−ν

k − ν
+ ω

i∑
ν=0

(
i + 1

ν

)
(−ω)−ν − ω(1− 1

ω
)i+1

= ω(i + 1− k)
i+1∑
ν=0

(
i + 1

ν

)
(−ω)−ν

k − ν
− ω(i + 1− k)

(−ω)−i−1

k − i− 1

+ ω

i+1∑
ν=0

(
i + 1

ν

)
(−ω)−ν − ω(−ω)−i−1 − ω(1− 1

ω
)i+1

= ω(i + 1− k)
i+1∑
ν=0

(
i + 1

ν

)
(−ω)−ν

k − ν
.

From
(i + 1− k) (k − i)i+1 = − (k − i− 1)i+2

we finally have



livp, June 26, 2006 15

di+1

dωi+1

ωk

1− ω
=

(−1)i+1(k − i− 1)i+2ω
k

(1− ω)i+2

i+1∑
ν=0

(
i + 1

ν

)
(−ω)−ν

k − ν
.

2

Example of Non–Monotonicity in (14)

Consider the IVP
y′′ + 100 y = 250 + 90 x8 + 100 x10

y(0) = 2.5, y′(0) = 10−3

which is solved by y(x) = 2.5 + 10−4 sin(10x) + x10.
The first eleven Taylor coefficients ak of y are

a0 = 2.5, a1 = 10−3, a2 = 0, a3 = − 1
60

, a4 = 0, a5 = 1
12

,

a6 = 0, a7 = 25
126

, a8 = 0, a9 = 625
2268

, a10 = 1.

For r = 1, m1 = m0 = 2, m−1 = 0, B1 = B0 = 0, B−1 = 190, b00 = 100, A :=
∞

max
ν=0

|aν | =

2.5, we have the following multipliers in the recess condition (14):

k = 8 :

9
max
ν=6

|aν |

A

|b00|
9 · 10

+
B−1

9 · 10A
=

1

225
(100a9 + 190) <∼ 0.9670,

k = 9 :

10
max
ν=7

|aν |

A

|b00|
10 · 11

+
B−1

10 · 11A
=

1

275
(100a10 + 190) <∼ 1.055.

For k = 8, (14) gives |a10| < 0.9670 A, but only |a11| < 1.055 A can be guaranteed
for k = 9, even though all fractions in (14) except (15) are monotonically decreasing
functions of k for k ≥ 4 according to Corollary 1.
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