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Enclosing Power Series Solutions of ODEs!

The numerical computation of power series solutions of a class of ordinary initial value problems is inves-
tigated. Estimation of the remainder term of the series by a geometric series yields continuous enclosures of the
desired solutions. In contrast to other enclosure methods, no a priori-bounds of the solution are required.

Guaranteed enclosures are obtained on the computer when all rounding errors are taken into account in the
calculations. The applicability of the method is demonstrated with numerical examples.

1. Enclosure Theorem

In [1] and [2], enclosure methods for some linear initial value problems were presented. In this paper, the
nonlinear case is treated.

Let y(z) denote the solution of the initial value problem

Y = fp),y), y0) =n y=, - ¥), 2= D11, -sPnJ), (1)

where f; is a polynomial in y, with analytic coefficient functions p;;(z):

J n 0o
filw) = Zpij(iﬁ) H ylaiﬂ7 pij(x) = Zbijk a*,
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Bij
J €N, Qij1 € Ny, bijk € R, |bijk‘ < Rilg for some R,Bij > 0.

It is well known that the solution of (1) can be written as a power series
(o)
yi(z) == Za“f 2 |z| <r for some r > 0. (2)
k=0

The a;x, are determined from recursion formulae, after inserting (2) into (1).

Theorem 1. For given n, R and B;;, positive constants v and A; can be computed to ensure

A;
laig| < — forall i=1,...,n and all k€.
r

Consequently, for k e N, x =wr, w € (0,1), the following continuous enclosure holds:

k—1 [e%S) A‘wk
yi(z) =Y aqal| < ) laar'|wt < T
=0 1=k

2. Computer Implementation and Numerical Examples

k—1 ok
The computation of the approximate solution ¢;(x) = Z agz! and of the error bound

1=0
For guaranteed results on a digital computer, however, roundoff errors must be included in the error bound. This task

can be achieved by using machine interval arithmetic. To obtain a tight enclosure of the solution, a multi—precision
arithmetic may be helpful, as roundoff errors propagate in the recursive calculation of a;;.

is immediate.
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Example 1: ¢ =1+y? y(0) = 0. (Exact solution: y(z) = tan(z).)

Estimation: In each integration step, starting with y(&) = n, let y(z —&) = u(z) = Y -, axz" and solve the initial
value problem u' = 1 + u? u’(0) = 7. Simple calculations show that if r, A > 0 satisfy

lao] = |n| < A, G1T=(1+772)7‘§A and r <

| =

then |apr®| < A for all k > 0.

z tan(z) [y](z)

1.0 1.557 407 724 654 902 2 | 1557 407 724 654 902
1.570 796 326 794 890 | 1.510 7 E+14 1.53E+14

1.570 796 326 794 895 | 6.175 7 E+14 TR

Example 2: Lorenz system

* = —ox+ oy, z(0)=0; o=10
gy =re—y—xz, y0)=1 r=28
Z = —bz+uwy, z(0) = 0; bzg.

Estimation: Let x(t) = > o, ant®, y(t) =Y pey bit®, 2(t) = > cxth. Then if A, B,C and R > 0 satisfy
la,RI| < A, |bjR!| < B, |¢;R!| < C for j=0,...,k (3)
then the same inequalities hold for (k + 1) if
o(A+ B) < 1 rA+B AC 1 b AB 1

(k+1)A — R’ (k+1)3+?§§’ (k:+1)+ c R )

Using the initial values of each integration step, the inequalities (3) for j = 0 yield A, B and C. Inserting these
constants into (4), R is determined.

t [y](t)

0.25 11.673 664 293 077 13
0.5 —6.620 759 197

1.0 —-9.312

The numerical examples were computed in PASCAL-XSC on a HP-Vectra (486/66XM) personal computer.
The poor results of example 2 are due to the wrapping effect. Improvement of the enclosures will be the subject of
future research.
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