Modifications of the Oettli-Prager Theorem
with Application to the Eigenvalue Problem

G. Alefeld, V. Kreinovich, G. Mayer

Dedicated to Prof. Dr. Jirgen Herzberger on the occasion of his 60th birthday.

1 Introduction

In this paper we consider the eigenpair set
Ep :={(z,)\)| Az =Xz, ¢ # 0, A € [A], A with property P }, (1)

where [A] is a given real n x n interval matrix (cf. Alefeld and Herzberger (1983),
e.g., for interval analysis) and P is some fixed property such as symmetry,
Toeplitz form, etc. . Before we study this set in greater detail we mention other
ones which are related to it: When dealing with systems of linear equations

Az =b, AeR™" beR"” (2)

(R™*™ set of real n x n matrices, R" set of real vectors with n components) there
sometimes occurs the problem of varying the input data A, b within certain
tolerances and looking for the set S of the resulting solutions z*. Examples of
this problem are Wilkinson’s backward analysis when solving linear systems on
a computer (Wilkinson 1963) and an input-output model in economics which
is regulated by (2) with input parameters A, b and output z (Maier 1985). In
the first example one solves (2) on a computer (assuming A to be nonsingular).
Due to rounding errors one normally does not obtain the exact solution z* but
another vector Z. One accepts Z as a good approximation of the exact solution
z* if it can be interpreted as a solution of a nearby system Az = b, where ‘nearby’
means |[A—A| < A, |b—b| < § with given tolerances O < A € R**", 0 < d € R™.
(Here and in the sequel, the absolute value | - | and the inequality sign ‘<’ are
understood entrywise.) In other words, one considers Z as a good approximation
for z* if and only if it belongs to the solution set

S:={zeR"|Az=0b, A€R™™ beR" |[A-A|<A, [b-b<é} (3)

where A, A, b, § are given. Instead of writing |4 — A| < AA one often prefers
the shorter notation A € [A] where the bracketed letter denotes the real n x n
interval matrix

[Al:==[A-A,A+A]=[4 4] = (laij) = (la;, T5))-






